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Bayesian Uncertainty
Quantification

a review I not a tutorial ? )

Questions
, examples , results on whether

the spread of a posterior distribution

gives a
reliable indication of the

possible error of its center

as estimate of a parameter .



Parametric Bernstein-von Mises

LECTURE 1 Classical Nonparametric BVM

semi parametric Brm
LECTURE 2

Nonparametric Smoothing
Weak Bernstein- von Mises

LECTURE 3

Credible Bands

Not : high - dimensional
and variable selection

Not : much on rates
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Bernsteinrronmes Le Cam :
"
called this way because

it was discovered by Laplace
"

0~1T on IRᵈ ,
smooth positive density

×
,
- - -Xu to Éᵈ po

density
'

•↳ Fo differentiable in ↳

to = fologpoio-couoliok.lt
score function

Fisher information

He >OF tests qn
with Poon q→o ,

sup Ponti-4) → o
o : 110-00118E

THM For any % with Filion -a) =# É
,

Heilig (A) top G)
%

111TH c- • Ki-In) -☒1( o.i.t.io:) // ¥
"

◦

← total variation
" P - cell = IPIB) -QCB) /

:* Test condition automatic if @c-
④ compact and & identifiable

⑨ Ñn can be taken MLE under further conditions ,

• Generates to LAN models .
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THM For any % with Filion -a) =# ÉiÉi)+opG )

111TH c- • Ki-In) -☒• ( o.i.t.io:) // ¥
"

◦

← total variation

• TV

Informal rn 10 - On) / Xi - -Xn → NCO
, ios ) , in Poon-probability .

Compare to Rincon -00) → NCO
, ios ) , under 00 .

[
convergence in
distribution

rnlo-oi.tl/i-Xn&rnlon-0o)l0o
bootstrap - like



0 ~ Uniform to , if
✗ 10 ~ bin0m ( n , O )

*#**i¥
""

✓ credible
interval

.

i#¥¥
.

Food -g) % ol the times we take data and compute posterior,
the credible interval will cover the true parameter . "
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COR 1170€41 Xi -4)⇒ -2 ⇒ NKI.tn io;) CGT _É 1- g

This does NOT imply Poon / Oo C-Gt) → 1-2
For central Cnt it does .



Credible sets

Ñi✗n) -☒• ( o.i.t.io:) 11¥
"

◦

COR IT CoeGil Xi -4)⇒ -2 ⇒ NKI.tn io;) CGT _É 1- g

This does NOT imply Poon ( ooecnt) → 1-2
For central Cnt it does .

Fgtoly 14
-
-Xn) : =#(gTo≤ y IX.

-Xn)

⇒%%ᵈees
TH H T-g-t.ly/i-.Xn)=gTon-I-'G)9Tinoo--afi-op;!trn ) .
Consequently :

Pail T-giidklxi.tn) ≤ 88 ≤ Fqt,4- ¥14
- → 1-2

Édᵈ



Classical Nonparametric Bum

Ferguson
Lo

Hjort
Kim & Lee

James

Franssen &vdV



Dirichlet.PRO#s
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P~D.PK)fpnia-j.tn#Ck-ia-n:Xic-A)X,--.XnlP~dp
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⇒ PIX
,
-
- ✗n~DP(a+nPn)

,

11?=ᵗn .EE?Xi



Dirichlet.PRO#sp~pyp(jJfm'temeasute empirical measure

[
PnlA)=ᵗn#G≤i≤n:XiEA )

×
,
_

. -✗nlP~"ᵈp
n

⇒ PIX
,
-
- ✗n~DP(a+nPn)

,

11?=ᵗn

.EE?XiTHMForanyA
PFF

11L / PCA)lXiXn ) - NLIPNCA) .EE?t4)1/ → 0

TV



☐

YÉ!ea>are empirical measure

[ PnlA)=ᵗn#G≤i≤
n :X,- c-A)

×
,
_

. -✗nlP~"ᵈp
n

⇒ PIX
,
-
- Xu ~ Dplatnlpn)

,

Pn=ᵗn .EE?Xi

THM For any A PFF
HLLPCAIIX, - %) - NLIPNCA)

.EE?t4)1fr-ornCPCA)-1PnlADlX
,
-

- Xu ≈ rn / IRIA )-P◦(A) 111?

bootstrap - like



Dirichlet.PRO#s
empirical measure

P~D.PK)
↓
pnia-j.tn#CKia-n:Xic-A)

×
,
_

. - ✗nlP~"ᵈ p
h

⇒ PIX
,
-
- Xu ~ Dplatnlpn)

,

11? = '-n .EE?Xi

THM For any A PFP
HLLPCAIIX, - Xn ) - NLIPNCA) .EE?t4)H → 0

TV

p use Piana - in - Bek*!%¥%¥¥;¥¥¥↑g
variance ≈iPnCAhPn

proof ' Use PLA)1X.

- Ann PCA ) / NAA)

and BVM for nPnlA ) / PCA) rbinln
,
PIA )) . ☐☐



DIEM Choigql )

empirical measure
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DIEM Cho
.
/ qqi )

empirical measure
P~D.PK)

↓ pnia)=tn#G≤i≤n:✗iEA )

×
,
_

. - ✗nlP~"ᵈ p
h

⇒ PIX
,
-
- Xu ~ Dplatnlpn)

,

11? =ᵗn .EE?Xi

✗
,
-
-
-Xu real ,

Fct)=Ptqt] Cdf of P

Dirichlet process [Flt) : EEIR) / ×, - Xn

Empirical Cdf (Fuk) :-(c- IN
←
Brownian bridge ?

IT#MM (rnLFK-HT-nk-D.it c- 112714 . -✗n→(BoF◦G) :tÉ1R ) , in PFI-probability

compare (tnl-I.lt/-FoltD:tc-1R)~(BoFlE):tc-1R
)
,
under Fon .

DonsKer 's theorem

Formal statement

{ftp.4/E(h(rnlF-Fn))IXi--Xn)-EhlBoF7/F- ◦
← functions h :d%R)→ to .is with / HCF) -4167 /≤ 111=-611, .



Crediblepsands
for

ECFIX, - xD

Determine % with T4t¥≤14--147--1-8

THM PEN / Foe Gi) → 1-2



Crediblepsands
for

ECFIX. - xD

Determine % with IT4¥M✗i -47--1-8
THMPE.nl Foe C!) → i-f

• could determine by by simulation CBB)

• could use weighted norm instead

• slightly wider than pointwise credible intervals>
based on

LCFLEIIX .

- Xn ) for fixed t .
width

_≈¥"9b%u→lcunilormtv-nl.358LKS-to.be/-



DletPces ( Yames#

empirical measure
P~D.PK)

↓ pnia)=tn#G≤i≤n:✗iEA )

×
,
_

. - ✗nlP~"ᵈ p
h

⇒ PIX
,
-
- Xu ~ Dplatnlpn)

,
IR-tn.EE?Xi

Take collection F of functions f :K-→ IR

Identify P ( f → Pf -=ffdP)
5- → IR

☆c-MF) = } -2 : 5- → IR , bounded } 112-11*42%3=12-191
DEFF is Po -Donsker if rn (1%-13) → Gpo in 1%5-1

i teqht
,
Gaussian

Ecg f)1- Po /ftp.f )2
THM If 5- is Po-Donsker

Frcp -1%7114 . -Xn → Gpo ,
in Pon-probability



Item (Lames 2008
,
Franssen tvdv

,

-202s )

P=ÉwÉoi
, wi-k.gl?4-Y7.Ytd.Betali-o,M+.r),gkdx-T

.

E'

870

×
,
- - ✗NIP "~ᵈP r-oi.qir.ch/et



IEEE Grames
,

Franssen

tvdVJP-Ewidoi.wi-k.gl?4-Y7.lfin~.Betali-o,M+g.r),gkdx-
.

It ↑

TIO : Dirichlet×
,
- - ✗

a
/ P Elp

r so

# distinct values
in ×, - -✗a

✓←
empirical of distinct values .

THM rncp-pn-rnk-nbi-P.it/1Xi.xn~> Gaussian process , in %
"
-prob

tf r >0 then credible sets are correct only if 8¥
-1%0

i. e. if Po is discrete with atoms decreasing fast .

counter-intuitive i 020 creates bigger Kn than 0--0
but does not work for continuous % .



[
draws from posterior of

PYCF-tz.M-l.I-NG.is)

t
empirical edf of
sample of size25

from NG
,
4)



Sump /415 [Hjort
,
Kim and Lee 2001,04)

H ~ independent increment process Yycdx,dD=tk,s)dxds

T
,
- - Tn 1H Kd cumulative hazard H dH=¥ §gG- - Cnt Go "d Go

Observe ✗i=TiACi / Ai=MTi≤ Ci } , i-y.in .



SHELLY IS [Hjort
,
Kim and Lee 2001,04)

H ~ independent increment process Vµ[dx,dD=tk,s)dxds
T
,
- - Tn 1H Kd cumulative hazard dH=,d¥÷
G- - GIG "d Go

Observe ✗i=TiACi,Ai=MTi≤ Ci } , i-y.in .

04-9-04-
{ < a≤ I

←
so *

THM It sup 4-5^9-145) <is ,
sap / q-cx.D-gf.IN/--O1s-t)ass-o

X
,
S ✗

then
rn(H - Itn ) / ×, - -4,4 - - An → Botto ,

in P%%
↑ ↑

Netso-A-aleusiEE.io
.

-
_ '



SHELLY IS [Hjort
,
Kim and Lee 2001,04)

H ~ independent increment process Vµ[dx,dD=tk,s> dxds

T
,
- - Tn 1H Kd cumulative hazard dH=,d¥÷
G- - GIG "d Go

Observe ✗i=TiACi,Ai=MTi≤ Ci } , i-y.in .

04-9-04- tz<*≤ I

←
70

THM It sup 4-qk, s) <is , gyp / q-k.D-gf.IN/--0ls-t)ass-o
X
,
S

then
rnltl - Itn ) / 4--4,4 - - An → Botto ,

in P%%
↑ ↑

Nelson#ale. É%¥¥q
,

(COUNTER) EXAMPLE Y-idx.es)= s
-

"
dsDNA

Extended Beta

Consistency holds off acx)=l .



Semi parametric B.v14

Castillo

Castillo & Rousseau

Franssen & Nguyen &vdV

Ray evdv

Nicht et al .



semiparametric-BVM.AT
on IR

'

, YÑy (nuisance parameter , general )
×
,
_ . -410,7

"t
pop



ÑP
utsance parameter , general )04T on IR

'

, y⇒
×
,
_ .

-Xnlo, y
"t
pay

day = 8-0 log Foy ordinary score

9 = E- log Poix Yo, = { all scores for y }
for curve ¥ yt

with 90--9 2-éq=•gmm%yµ;y•gj⇔e⇔n◦*◦÷pon

gc-le-nrfoytoii-io.y-Toyl.org
.

%
,
= Varo,

Hank))
efficient informationEfficient . score



ÑP
utsance parameter , general )04T on IR

'

, y⇒
×
,
_ . -410,7

"t
pop

day =% log Foy ordinary score

'

g = E- log Poiyt Yo, = { all scores for y }
for curve ¥ yt with 90--9 2

IT toy = argmin Pay Hoy -• G) projection onto hTqÉoyon

gc-le-nrfoytoii-io.y-ltoyl.org %
,
=varo.ylto.nl/H).,,,...,....,,.,.,,..maa..-W

DESIRED THM For % withrnloi-od-fn.E.io?yj'lo?yoK.)t0pqaf)Tnlo-on)lXi--Xn~> No
, Taiyo) in Poggio -probability .

Gives correct credible intervals
,

as before
.



BernstM (Castillo
,

2008 )

ITTHM If I y ↳ Yn lo,y ) with
a

•
{ log Pat = rnlo-odatqy-tznT-nqy.to -812 + Rnloiy) ,

for
II

Pooifnloif)
RnlQI likelihood expansion0%0+7 itnioegp

→ ◦

Yetta

• Jeep
• ⊕!ˢ&¥÷%É!É! → °

c.name a- measure

gala
• Into c- ⊕n

,YEAH, - Ka)→ 1 localisation

ltalyeynco,Ha )1X. - Ka,o=%)→ /
then desired theorem holds in TV

.

% least favourable
,
expansion in both O

and
Y , typically need rate any.



It estimating 0 does not become more

difficult by not knowing Y ,
then likelihood expansion will only be in 0

and

change of measure condition disappears .

→ BVM valid under weak conditions , prior on y unimportant.

Example : estimate point of symmetry 0 In symmetric
density pqy 1×1--44×-01 ) .

Otherwise the prior on y may
cause a bias in the

posterior for 0
if not chosen with care ( oversmoothing )



EXAMPLE - COX MODEL (Castillo , 2008)

log d ~ Riemann -Liouville (a) late time> integrated BD
011-11

* IZ ~ hazard DIE)e•Z

THC / 2-

✗ = (TAC
,
Z
, =9T≤c)

¢
least favourable

THM If logdoECBL-o.TT ,
p >% , got

↳
To.TT

then BVM holds for ✗ c- (312,1%-1-2)

F -

→ p


