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day =% log Foy ordinary score

'

g = E- log Poiyt Yo, = { all scores for y }
for curve ¥ yt with 90--9 2

IT toy = argmin Pay Hoy -• G) projection onto hTqÉoyon
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DESIRED THM For % withrnloi-od-fn.E.io?yj'lo?yoK.)t0pqaf)Tnlo-on)lXi--Xn~> No
, Taiyo) in Poggio -probability .

Gives correct credible intervals
,

as before
.
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ITTHM If I y ↳ Yn lo,y ) with
a

•
{ log Pat = rnlo-odatqy-tznT-nqy.to -812 + Rnloiy) ,

for
II

Pooifnloif)
RnlQI likelihood expansion0%0+7 itnioegp

→ ◦

Yetta

• Jeep
• ⊕!ˢ&¥÷%É!É! → °

c.name a- measure

gala
• Into c- ⊕n

,YEAH, - Ka)→ 1 localisation

ltalyeynco,Ha )1X. - Ka,o=%)→ /
then desired theorem holds in TV
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,
expansion in both O

and
Y , typically need rate any.



It estimating 0 does not become more

difficult by not knowing Y ,
then likelihood expansion will only be in 0

and

change of measure condition disappears .

→ BVM valid under weak conditions , prior on y unimportant.

Example : estimate point of symmetry 0 In symmetric
density pqy 1×1--44×-01 ) .

Otherwise the prior on y may
cause a bias in the

posterior for 0
if not chosen with care ( oversmoothing )



EXAMPLE - COX MODEL (Castillo , 2008)

log d ~ Riemann -Liouville (a) late time> integrated BD
011-11

* IZ ~ hazard DIE)e•Z

THC / 2-

✗ = (TAC
,
Z
, =9T≤c)

¢
least favourable

THM If logdoECBL-o.TT ,
p >% , got

↳
To.TT

then BVM holds for ✗ c- (312,1%-1-2)

F -

→ p
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Élog (4) =÷ÉiÑ%yoH) - ftp.yotopafrn/o-q)-Et2T+opa )
likelihood

% / o expansion
c- =/

If it P
"

change of!ngqi=,P0+ñ%ts7ñ%1oii)ᵈTlÑdy →% , measure

g

If # po.gl/Wd1Tlo)d1Tyly)thi-il-ITloc-Q.yc-th.lk - → 1

then rn lo - IX. - - Xu ~> Nlo , ipjyj,) in Pq"% -probability
I centering as before

conditions might be true if

• 0%-4=0%9 Pott , yecoiy ) = Gay
sup rn Pay , Tony -1%5%0 ← need rate on y

l ?)
•

. gettin



EEXAMPLES - MIXTURES (Franssen#qagenevdtl, -022)

y~DPC.sn )

Pqycx,y)= f 2-e-
2-✗
zoe

-2-09 dycz)

Pay ↳ g) = f ylx -z) yly
- a -ait ) dylz)

• likelihood expansion using empirical process theory

• change of measure valid because DPW gives few

distinct values Z .

• no rate on y
needed by convex structure of model
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psen.MY?arametricBvM-FunctionalsXi--Xn1pkd1T
Estimate Xcp ) c- IR

Fp = { g = It,£⇒ log Pt , some submodel
1-⇒ Pt }

@

Ñp
,

such that day#◦ ✗(A)
= fgÑp◦d% and Ñpo c- 5%

↑ efficient influence function

DESIRED THM For ¥ with Tn ( In -Xlpo))=fuÉ*Ñp◦Hi) +0%41 ,

Tn (Np) -%) / ×, . - Xn ~> Allo , %Ñpi ) , in %
"
-probability

•

↑(efficient information}

~

Valid under similar conditions as before
.
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gih.TL?:!%fa:::!iY-y.eta=i.es#mateEY .

Tf,qblZ,A,YA)=flZ) alzfli-alzD-AblzjYAG-b.cz))
"-91A ↑

↑PlA⇒1z⇒) ↑P1Y⇒1Z⇒ ) ,

✗Cfa,b)-1b€)ftddZft=( 1+-12)f+ ↳ Ptt,a£,bt at __ ICE
_ '(a)+to )

submodels bt= VICE-4 b)ttp)

Iloqisticfunction
d

Td-H-obgpftat.BIZ/A,AY)=jlZ)+(A-ak-DxL-21+Aly-blZ))pCZ)

d%1⇔Nft,9t,bt)=SbG-b)pdftfbj.DE .

LEM Ñf
,a .is/Z,A,AY)--tat-z)lY-blzDi-blZ)-EY .



'
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↑PlA⇒1Z⇒) ↑
Ply -412--2 ) ,
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_ '(a)+to )
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Iloqisticfunction
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¥ /⇐◦ Xlft,9t,bt)=SbG
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Missingtatatausality (Rayudu , 201g ) .

YWAIZ , A- c- 20,1 }
,

Observe Y iff AH , Estimate EY

F~DPk) H b ~ UICGP) w a

Z
,
- - • Zn IF I'd f-

A , - - -An / Zi - Zn ed logistic reg.caHis)
↑
ndtops out at posterior

Yi
-

yn I -2 , -
-Zn ad logistic reg 1b¥))

1- HM BVM holds ' t

likelihood expansion .sup /Glnlbbo) / ¥ o

b c- Bn← set of posterior mass → 1
.

£i¥;%¥¥¥¥%l→ , danged measure .

Bn %!

* Need b smoother than necessary

• Better prior b=IC6Pt¥) , in-NCO ,q2 ) , on >> qb

• Smooth prior on F gives even stronger conditions on .ba



PDE-s-DataA-matnlstuart.ttgapiou > Nicht , Wang . . - I •

'

Nonparametric Bayes is attractive for

uncertainty quantification in inverse problems .

We observe the solution Uf of a PDE plus noise,
which depends on an unknown parameter f.

We obtain the posterior of f.

Example heat equation {8-+4-1×14=8-2×24444al -g) = f-
Observe Ufl ;D +noise

£

Example Volterra equation

UI =f{
ya> ⇒

→ "
t
"' = {

✗
fctdt
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Y=Uf+¥Ñ≈ white noise → gilt,Xi - N / ufk.fi
) ,i= ! - in

Pflyk)a exp / -{ ly -uplxi )2 )
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paths ft __ ftty
scores f-tlogpq.ly) = @Mpla)ñfY_

It-0 jt1t=o"ftK )
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schridingert-quationl-zA.ly= Uyf on OclRᵈ

{ up =g
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-uplxi )2 )

paths ft __ ftty
scores f-tlogpgtlyl-fg-upkbilp.pk)

11--0 -¥t⇒UftK )

{ A- Uf£=Uftf£ → { A- d-dtuff-d-dtuf.tt + Uff
11--0 It-0

{All = vftugy on D
→ viufg satisfies { r =o on 00 .



schridingert-quationtzA.ly= Uyf on OclRᵈ

{ up =g
onoÉ-•"

gg.ve .

Y=Uf+¥Ñ≈ white noise → gilt,Xi - N / uflX.fi
) ,i= ! - in

Pflykla exp / -{ ly -uplxi )2 )

paths ft __ ftty
""" 8-ttogpq-cyl-qqa.gg#

""• 9)

It-0 _¥t⇒UftK )
Influence function for ✗If)=fylx¥✗)d some fixed 4

Ñfly,N=(y-ufkdifq.IN
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EfÑflY,✗ ) [ score = 54649k)d✗, Fg



schridingert-quationl-zA.ly= Uyf on Oc1Rᵈ

{ up =g
onokaeengg.ve .

Y=Uf+¥Ñ≈ white noise
PFCYK)✗ exp / -{ ( y -ya,)zy→

Li /%✗i - N / "g-141,1
) ,i=y . ;n

paths ft __ ftty
scores f-tlogpgtlgl-fg-upkdilp.gl/)lt--o-t⇒UftK )
Influence function for ✗If)=fylx)flx)d✗ :

Ñfly,N=(y-ufkdifq.IN
must solve

EyÑflY,✗ ) 1- score = Spacek)d✗, Fg
i.e. < iefqoiipq > = <4,97

go = lift ily)-14
19.x)=lY-upk))iy(ifTiy)+y



schridingert-quat.io# ( Nicklaus )

{ Auf = Uyf on Oc1Rᵈ

{ y =g
on
oilmen

In

log t ~ ¥ ? tg.eu#waw,etfg.hnUmformL--2-tK+d/42-tK+dk} .

Estimate left)= fylxlflxldx , given y.ec:'-(E) , of >
2+3!

THM If foe (D) for p > @+E) vd and iʰnn¥ñᵈ

then BRM holds for Xylf ) .

THM Infinite-dimensional BVM holds for 1×411) : 1141k¥ ≤ 1) .

Xyll ) , y c- 440 ) identifies f.



Nonparametric smoothing



Bayesian-npaametric-m-hngf.aefunction

f- ~lT

✗ If ~ Pf

ltlfe . / ✗ )

posterior mean /mode/median recovers true function

spread in THE - IX) should show confidence in this recovery

"

smoothing
"

→ bias-variance trade -off (prior
"regularised

→ no rn -rate







History

Wahba, 1975 Cox, 1993

Works great! Fails miserably!

(penalised least squares with splines
= posterior mode of IBM prior)


