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Bayesian “Confidence Intervs for the Cross-validated Smoothing Spline

By GRACE WAHBA
University of Wisconsin, USA
[Received August 1981, Revised August 1982]

SUMMARY
We consider the model Y(t) =gt +€, i=1, ,n, where g(1), t€[0,1] is a
smooth function and the {¢;} are independent N(0, 0% ) errors with * unknown. The
cross-validated smoothing spline can be used to estimate g non-parametrically from
observations on Y(#;),i=1,2, ,n, and the purpose of this paper is to study con-
fidence intervals for this estimate. Properties of smoothing splin

s as Bayes estimates

are used to derive confidence intervals based on the posterior covariance function of
the estimate. A small Monte Carlo study with the cubic smoothing spline is carried out
to suggest by example to what extent the resulting 95 per cent confidence intervals

can be expected to cover about 95 per cent of the true (but in practice unknown)
5

values of g(1;), ., n. The method was also applied to one example of a two-
dimensional thin plate smoothing spline. An asymptotic theoretical argument is pres-
ented to explain why the method can be expected to work on fixed smooth functions
(like those tried), which are “smoother” than the sample functions from the prior
distributions on which the confidence interval theory is based

Keywords: SPLINE SMOOTHING; CROSS-VALIDATION: CONFIDENCE INTERVALS

1. INTRODUCTION
Consider the model

Y(t)=g(tp)te. i=1,2....n, HLE|O 1], (1.1)
where €= (€. . .., €,) ~N(0, 6*I,x,). 0* is unknown and g(+ ) is a fixed but unknown function
with m = 1 continuous derivatives and [§(g(")(t))*dt <. The smoothing splinc cstimate of g
given Y(4;)=p;,i=1,2, ..., n,which we will call g, . is the minimizer of

1
n

At Yy 1.e<zf)f,»v,>*+x~ (g™ (1)) dt

i=1 0
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AN ANALYSIS OF BAYESIAN INFERENCE FOR
NONPARAMETRIC REGRESSION'

By Dennis D. Cox

Rice University

The observation model y;=p(i/n) +&, 1<i<n, is considered,
where the ¢'s are iid. with mean zero and variance ¢® and 8 is an
unknown smooth function. A Gaussian prior distribution is specified by
assuming § is the solution of a high order stochastic differential equation,
The estimation error 8 =8 — fi is analyzed, where £ is the posterior
expectation of 8. pi posterior and ing distri 1 approxi-
mations are given for [[5[* when || - || is one of a family of norms natural to
the problem. It is shown that the frequentist coverage probability of a
variety of (1 — a) posterior probability regions tends to be larger than
1 — a, but will be infinitely often less than any € > 0 as n — = with prior
probability 1. A related continuous time signal estimation problem is also
studied

1. Introduction. In this article we consider Bayesian inference for a
class of nonparametric regression models. Suppose we observe

(1.1) Y=B(ty) +e&, l<i<n,

where ¢,; = i/n, B: [0,1] — R is an unknown smooth function, and &,, &,, ...
are i.i.d. random errors with mean 0 and known variance 0% < ». The ¢, are
modeled as N(0, ?). A Gaussian prior for 8 will now be specified. Let m = 2
and for some constants a,...,a,, with a,, # 0 let

m

m

L=YaD
=0
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