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Nonparametric smoothing



Bayesian-npaametric-m-hngf.aefunction

f- ~lT

✗ If ~ Pf

ltlfe . / ✗ )

posterior mean /mode/median recovers true function

spread in THE - IX) should show confidence in this recovery

"

smoothing
"

→ bias-variance trade -off (prior
"regularised

→ no rn -rate







History

Wahba, 1975 Cox, 1993

Works great! Fails miserably!

(penalised least squares with splines
= posterior mode of IBM prior)
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whitenolsemode.IO
bserve ✗n=f+¥Ñ

[Gaussian white noise

Equivalent
Observe (Xn, ,Xnp;-) , hi 'ñᵈN( fi , %) ,

f-=Éfiei
5--1

¢, ,
ez . - ) orthonormal

.

117112 =#%-) /dt = ⑤&?
Er

ofc- 41-0,1] ⇔ (fifer ) c- lz

Inverse problem ✗n=Kf+fnÑ
Observe Hm ,Xnii

" )
,

Xn
.

!≈ᵈN(Kili .tn ) , f- = ÉfieiEI

↑ eigenvalues of K
.

Can also project on wavelet basis , spline basis,
- -
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smoothnessli-flf.fr
.
.

. ) : Eli?. }
F-I

H✗={ Ch
,
k . _ .) :

£ i"h? < is }
IT

If e.
, ez . . are Fourier basis , then

H✗ are roughly the functions

that are a-times differentiable .

LEM fi Kd Nco
, ¥+,) ⇒ $

,
k . .

. ) c-H a.s. Kp < ✗ .

"proofs
"
E £ :P f? = É i 2B¥ ,

< is ⇔ ✗ 7ps .

i -1 i-4

+ a thin on a.s . convergence .

☐

→
"
prior

of roughly smoothness &!



Bernsteln-V0nM1sesmlz_ (Freedman , haha )

fired NCO ,t?)
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THM
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Bernsteln-V0nM1sesmlz_ (Freedman , haha )

fired NCO ,t?)

xn.illikdmfi.tn)
THM

11£10 - Elolxn) / Xn ) - £ / Elolxn) -g)If, -9%0%
Iff

É¥u< • and Gogi < is
it it if

so BVM holds only if ti→ is,
fast

.

USELESS



lz-contraction.Ratef.HN/0it+a)Xin.ilfirWlfi,tn)

THM If f-
◦
EH

,
then

IT/ fill f-foll I n
-2%-7-14)É 0

.



ii.ii.ir#:i-.n.ra-Xin.ilfirWlfin-)-qiiMf?i < as
THM If f-

◦
C- H

<

,
then

IT/ fill f-foll I n
-2%-7-1 4)É o

.



lz-contraction.Ratef.HN@ , #+a) £ iffy <•
✗in.ilfirwlfi.tn#i--iTHM1ffoC-H<

,
then

Pfo

IT/ fill f-foll I n¥↑¥tXn)→ 0
.

☆ best rate n

- ¥7 obtained Iff ✗=p : prior matches
truth

• consistency
b- a

•
f p>✗ rate n

-£+1
.

DISAPPOINTING
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÷:i÷i:÷:
✗
ni Ifi ~ N Hi

,
±) i⇒

.
- - .

>

actually
nonrandom

THM f
p

It xp Edt-Elftxn 1/2/41 ⇒ HEH / Xn)-8/12 , all foe H

It a >P Edt- Elf /4)112 / Xn ) K HEH / Xn)- lo /12 , some toot

p

trfi-fo.it/n~N(foi+ni--i-a.E..::-.*)ni-2-YxE*-lfHn1-loli= ? get § Eisai

Elf f-Elf 1141112114 ) = e it
"

i Ini-K

standard deviations are smaller
. pg



÷:::÷÷:
Ximilfirwllrint)

THM
It ✗<p Edf -1011211in ) % HEH / Xn)-8/12 , all loft

Ita >p Edf -1011211in )g HEH / Xn)-8112 , some

foc-HBCE-ffillf-Elfko.tl/< Rrf} for 5%1×1=1-8,

COR

it ✗ <p Pfocfocta ) → 1
,

all lot HM

if ✗ 9ps Ppotloccn) -70
,

some f◦EtP



Example: heat equation (n=10 000, n=100 000 000)

True θ0 (black), posterior mean (red), 20 realizations from the posterior (dashed black), and posterior credible bands (green).

Left: n = 104; right: n = 108. Top to bottom: prior of increasing smoothness.

[Knapik, vdV and Van Zanten, 2013.]



with priors of fixed regularity
• get suboptimal recovery if

prior regularity ≠ true regularity
• get overly optimistic uncertainty
quantification of

prior regularity > true regularity



A.daptivepriorsas.li
true regularity " will be unknown

,

it is preferable to tune a prior to the data .

We can use a family of priors indexed by
one or more hyper parameters,

which are

estimated from the data (empirical Bayes) or

receive a hyper prior [hierarchical Bayes
)
.

*

length scale of Gaussian process, number
ol basis functions

,

-rate of

decreased variances
,

bandwidth .



Adaptivepriors

fired NCO , #+a) logfpk.lt )dlTaH )
xin.ilfirwlfi.tn) ↓

Empirical Bayes &=argma×(É,i¥¥÷-log(i+↑
✗

Hierarchical Bayes tr - Fla ,
b)



ʰ¥µ%¥,¥¥jⁿRI
with adaptation

✗in.ilfirwlfi.tn)

plug in % or hierarchical posterior

THM If to c-HB

IT/ fill f-foll y n
¥ I Xn ) -% ◦

.

• best rate n ¥+1 obtained Kp

For hierarchical Bayes there is general theory .

Empirical Bages is harder :& does not necessarily settle down .



uncertaintylluantificationwithn-daptive.ph#

Uncertainty Quantification works



uncertaintylluantsficationwithn-daptive.ph#

Uncertainty Quantification works

but only for nice to .

Posterior may be tricked into thinking
to is smoother than it is .
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t.z-cred.be/3alls- - positive result cstaboetal )

fired N@ , #+a)
Ximilfirwllri, ±)

correction

Gi :={ f://f-EIHX.tl/ ≤ Rat¥
,

11-(44/4)=1-2 .

DEF f is polished tail if 7 L
, P

↑N to? ≤ L2 IN f
,

?
i=N

t targe N

THM Pfolfoecnt ) → 1 for all polished tail to
if c=cL4p) big enough .

"

polished tail
"
is a weak form of

"self-similarity !



“Everything” is polished tail..

For the topologist:

THEOREM [Giné+Nickl, 2010]
Non self-similar sequences are meagre relative to a natural topology.

For the minimax expert:

THEOREM
By intersecting a model with the polished tail sequences the minimax risk
decreases by at most

• a constant if the model is a hyperrectangle.
• a logarithmic factor if the model is a Sobolev ball.

For the Bayesian:

THEOREM
For every α > 0 the prior Πα = N∞(0,Λ) with λi ∼ i−1−2α satisfies

Πα
(

∪N0{θ: θ ∈ polished tail(22+2α, N0, 2)}
)

= 1.



Not"Everything"isPohshedTa#

Volterra inverse problem, adaptive prior
black : truth

blue : posterior mean

grey
: draws from posterior



Not"Everything"isPohshedTa#

Counter examples are functions such that ¢
, ,
fz
,

- -
- )

has gaps
of zeros of increasing length .

f.
,

K - -

/
fñ

, ,

°
,

°
,

•
'

9 fnz.fm ,

' ' '

,
fit
,
,

0,0 .
• -

-

;
0
,
fnz
,

• • • fñs
,

°
,

' ' '

A posterior
"

knows
" that it can only estimate fi , . -;tNn§omeNn

If Nn falls at the end of a gap , then it will over
smooth

↑
choose big ✗

EXAMPLE n
, 72 , My > ng

"

-1,2--3-3,
-
' '

f
,
= { % nj¥P < j < 2ng¥% , 2--1,2 ,

. .

0 otherwise

Then Ég2Bfj ≤ I but Pfo ( Itf- Ecflxn) / I < Attn) → ◦
JI for ↳ and



Example: reconstruct derivative (n=1000)
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True θ0 (black), posterior mean (red), and 20 realizations from the posterior, repeated 5 times for a rescaled rough prior (left)

and a rescaled smooth prior (right).



Otherilodels

Difficulty in deriving theoretical results is in

analysing the empirical Bayes estimator In .

•
General setup : Rousseau & Szabo

• Gaussian regression : Snickers

• Double exponential prior : Hadji I Szabo
'

• Deep learning : Franssen & Szabo
'

i.

Definition of " polished tail
"

to be adapted to

prior+ setting .

Dirichlet mixtures for density estimation ??



Weak Bernstein -von Mises

• Castillo & Nick / 2013,2014

• Ray 2016 l adaptive)

• Nicht 2018

o Nicht et al . 2020



NÉE Castillo&Nick /
,
Ray 2017,111*12018)

9
,
ez
,

- • - orthonormal

G. ={f=Éfgeg ,

111-112__§Éf2< as } .

H
-s
= { f- = ,§=tgg ,

111-11,2:=↑ ¥)"f2< is }



NÉE Castillo&Nick /
,
Ray 2017 , Nicki

G
,
ez
,

- • - orthonormal

% = { f-=Éfgeg , 111-112--5%7,2< as } .

H
-s
= { f- = ,§=tgg ,

111-11,2:=↑ ⇐1%3 is }

LEM Let s > Ya .

If Zg# No , 1) , then § Egg is a tight variable in
H?

prod EH ⑤Zggll! = E ¥7 (g)
"

¥2 = =§④
"

ja

+ a thin on as . convergence .

☐



NÉE Castillo&Nick /
,
Ray 2017,111*120*7

G
,
ez
,

- • - orthonormal

G. = { f-=Éfgeg , 111-112--597%2< as } .

H
-s
= { f- = ,§=tgg ,

111-11,2:=↑ ¥)"f2< is }

LEM Let s > Ya .

If Zg# No , 1) , then § Egg is a tight variable in
H?

prod E 1184811! = E ¥7 (g)
"

¥2 = =§④
"

ja

+ a thin on a.s . convergence .

☐

2- =17¥, - - - ) is a standard
normal variable in It?

A posterior can
"

converge
" to it

.



weak-convergenee-CID.at) metric space

Xnn> ✗ off Ehlxn)→Eh(X ) v-hiID-IO.it . , continuous

-



weak-convergenee-CID.at) metric space

Xn ~> ✗ off Ehlxn)→Eh(✗ ) v-hilD-IO.it . , continuous

For separable CID
,
d) equivalent to

convergence
of laws in the bounded

-Lipschitz metric

ᵈBL( £447,2K) ) = sup / Ehlxn ) - Ehlx) /
he lip

↑ 1h /×) - hly ) / ≤ dlx, y ) V-x.ly

that € I 8- ×
.

The stronger the metric d >the stronger *n→✗



( Ray 2017 )f¥¥É
, fg%dN 10,51-2')

5-1

Xn=f+FnÑ ,
Ñ = &gfg=_Z ( standard normal in H→)

5-1

Choose ✗ by empirical or
hierarchical Bayes .



( Ray 2017)f¥¥É
, fg Eid Nlo , 2-1-27

5-1

Xn = f- + FNÑ ,
Ñ = & zjfg _=Z ( standard normal in H→)

5-1

Choose ✗ by empirical or
hierarchical Bayes .

THM If s > 112 and sgupj
"
f?g < • , then

dBL(1T( rnlf- Xn ) I Xn) , LCZ )) o in
H?

Similar results for wavelets .



tray 2017 )¥¥pj
, fg%dN 10,5'-27

Xn=f+FnÑ ,
Ñ = & zjfg _=Z ( standard normal in H→)

5-1

Choose ✗ by empirical or
hierarchical Bages .

THM If s > 112 and Sgp j
"
f?g < • , then

DBL / ITLrnlf-xr.tl/n),LCZ))-o in
H?

Cnt:={fillf-XnH→≤ Bf} ,
THE GHXN) ⇒-8

COR Pfolfo C-G)→ 1-2

Exact coverage !

But unusual land large) set .
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Adaptweconfidenceset Cray
,
2017)

¥9" fog
GT : - {fillf- Xn1↳cR! , If- In /1% -e. ≤ cerogn }

EB or median 1-FB)

DEF fois self-similar if sgpjRHfg2≤ R and Éfg2 ≥ RN
-2B

j=N



Adaptweconfidenceset Cray
,

2017 )

% : - {tint- xnkscri.ae-E.lk:_¥%¥Én }
EB or mediantFB)

DEF fois self-similar if sup jRHfg2≤ R and ⑨§ § RN
-2B

j j=N

THM If to self - similar , then

uniformly in to >
fixed RMP

% HotE)→
1-g

ltcfocenlxn) → 1-2

dean (G) =Op(n¥*&gnj)12 fo

-



Adaptweconfidenc.es#- tray . 2017 )

% : - {tint- xnkscri.ae-E.lk: _¥%¥Égn }
EB or median 1-FB)

DEF fois self-similar if sup jRHfg2≤ R and ⑤§ § RN
-2B

j j=N

THM If to self - similar , then

uniformly in to >
fixed RMP

% HotE)→
1-g

ltcfocenlxn) → 1-2

dean (G) =Op(n¥*&gnj)12 fo



[ Ray. 2017)
ls weak

n -500

n =2000

• draw 1000 times from posterior
• draw graphs of 950

functions

closest to posterior mean



_



_



tray 2017 )

THM tnccnncnklxn-IT.CI/Xn)1TnlGl4Xa) -1%0

-



schridingert-quat.io# ( Nicklaus )

{ Auf = Uyf on Oc1Rᵈ

{ y =g
on
oilmen

In

log t ~ ¥ ? tg.eu#waw,etfg.hnUmformL--2-tK+d/42-tK+dk} .

Estimate left)= fylxlflxldx , given y.ec:'-(E) , of >
2+3!

THM If foe (D) for p > @+E) vd and iʰnn¥ñᵈ

then BRM holds for Xylf ) .

THM Infinite-dimensional BVM holds for 1×411) : 1141k¥ ≤ 1) .

Xyll ) , y c- 440 ) identifies f.



Adaptive

CREDIBLE BANDS

•• Smelters & Vdv

• YOO 2017



(Snickers
,

20 )
Gaussianregression

01C ~ row
,
Gaussian process

Gilo, c % Nlolxil, 1)

Choose C by la -EB
(Wahba

, 19724 )
,
lek-EB
,

hierarch . B.



(Snickers 20 )

Gaussianregression

01C ~ row
,
Gaussian process

Gilo, c % Nlolxil, 1)

Choose C by la -EB
(Wahba

, 19724 )
,
lek-EB
,

hierarch . B.

Girls)={f : Ifk) -E&k) / / ≤a}, seemly
:) }



csniekers 20 )

Gaussianregression

01C ~ row
,
Gaussian process

Yi / qc % Nlolxil, 1)

Choose C by la -EB
(Wahba

, 19724 )
,
lek-EB
,

hierarch . B.

Girls)=ff : Ifk) -E&k) / / ≤a}, seemly
:) }

THM If to is polished tail , then , for a large,

Perotti iÉMfeCn% ) } ≥ g) → I



(Snickers 20 )

Gaussianregression

01C ~ row
,
Gaussian process

Gilo, c
'* Nlolxil

,

1)

Choose C by la -EB
(Wahba

, 19724 )
,
lek-EB
,

hierarch . B.

Girls)={f : Ifk) -E&k) / / ≤ abgsdlllxillfn) }
THM If to is polished tail , then , for a large,

Bolin ⁿMfeCn%¥ } ≥ g) → I

choose en= Agn and W = Brownian motion

THM
. Pfo I to c- Cntcxi ) → 1 for :

• almost every 8 generated from Gaussian prior,

• every
self-similar to C- 50,1]

•



Bayes + Lepski ( Yoo , 2017
)

-

For Y c- IN : ey
,
,

- - -

egg
"

basis
"

, e.g . splines or wavelets

I
f- = ¥ ty.gefj.ly, - Ayy)

~ Nyco,d) ,

I≈I

^

In :=mmfj : HE, /fly) -E.lt/Y%feh.if?i-,V-iaj )
↓ ↑ .

Minx Max eigenvalues
c- Akai? ,Éñ) *

✗ £19.0111b

adf.q.eg.at/i)G.*n..e-i.aCg:--ff:1flx)-Eglflx) /Y) / ≤ kysdlflx) / Yn ) ,V-× }
Ry such that ltgfcylyn ) -1--2 .

Credible set C%n .



Isayesthepski 1400,2017)
DATA Yi __ffXi)tEi ,i⇒, - - in

1*18)=mmlj : 11%11×5%4.gF§ )
THM If llfo -hnlegj.ey.gl/lpEklollaL-t,tL.then

• PITT 2%4%1)→o
to

• 1T¥ : 111--811,24%+1%1 / →◦
.

In



Bayes + Lepski cyoo , 2017)
D-ATAYi-fitei.it, - - in
1*18) = min / j : 11%11×1

-✗

≤ hjFᵗ )
THM If llfo - linley

,
,
- • egg) /In ≤ 11%11×1

"

,tL ,

then

• Pl Yi 2%4%1) → 0
to

• 1T¥ : 111--1011,24%+1%1 F¥↑¥¥ / Yn) →◦ .

In

DEF to is self-similar if tf quasi -
uniform knot sequence

k=0cG< - - <Gail : 11 to - spine#g) 11*711%11, Max 1%+5%1
"

i

THM (splines) If to c- Cito
,
if and self -similar

,
then

Pero / to C- Egg) → I - j .
Similar results with wavelets

.
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